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ABSTRACT 

In mathematical field, the basic geometry of linear connections and definition of the notation of vector bundle are 
developed in an essential different way than in usual differential geometry of Manifolds. The curvature and torsion 
of a linear connection, the horizontal distribution and Riemannian connections of Manifolds are studied and some 
related properties are developed in our paper. Finally the theorem 5.07 shows that unique vector field  on  such 
that  for each .  
Keywords: Manifold, Linear Connection, Vector fields, Group theory 
 

1. INTRODUCTION 
 

In mathematics, a connection on a fiber bundle is a device that defines a notion of parallel transport [2] on the bundle; 
that is, a way to "connect" or identify fibers over nearby points. If the fiber bundle is a vector bundles then the notion of 
parallel transport is required to be linear. Such a connection is equivalently specified by a covariant derivative which is 
an operator that can differentiate sections of that bundle along tangent direction in the base of Manifolds. Connections 
in this sense generalize, to arbitrary vector bundles, the concept of a linear connection on the tangent bundle [3] of 
Manifolds, and are sometimes known as linear connections. However, we introduce the theory of tangent bundles, 
vector bundles, Lie bracket of a vector fields in case of connections and Riemannian structure connections of 
Manifolds. We study the curvature and torsion of a linear connection of Manifolds, the curvature form for the 
connections of Manifolds, the horizontal distribution and Riemannian connections of Manifolds. In this paper some 
necessary propositions related to linear connections to differential geometry of Manifolds are derived. 
 

Definition 1.01 The set of a vector fields  whose domains include a given point  has -linear structure. A 
linear connection [1] at  is a function which associates with each  an -linear function  
 

                                                                                 
 

such that if  
 

                                                           
                                                          
such the function  is -linear. 
 

Proposition 1.02 If vectors fields  agree on some neighbourhood of  then   
 

Proof. A linear connection in  is a function  which associates with each point of its domain a linear connection  
at m such that if  are vectors fields in  then the function  
 

                                                                         
 

is a vector field on the intersection of the domains of  and  The domain of the connection  is necessarily an open 
subset of                                                                                                                                                                            
□ 
Proposition 1.03  is a linear connection in  with domain  If vector fields  agree with the vector fields  
on some open subset  of  then the vector field  agrees with  on  
 

Proof. Let  denote the set of all vector fields in  whose domains meet a given open subset  of  If  is a linear 
connection in  with domain  and if  the function  
 

                                                                           
 

is an -linear function such that if and  
 

                                 the domain of  is the intersection of the domains of  and  
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where in each case we have to supposed that the domains of the function involved are not empty [7]. These properties 
will now be shown characterize a linear connection.                                                                                                    
□ 
 

Proposition 1.04 An -linear function defined for each  which satisfies  of the 
proposition 1.03 arises from a unique linear connection in  with domain  
 

 Proof.  Choose any point  and any vector  and then construct a vector field  such that  We 
define   
 

                                                                              
to be the function   
                                                                              
 

This is independent of our choice of  for property  implies that  if  and  is 
easily seen to be a linear connection at  If  are vector fields in  the function            
                                                                               
is the vector fields field  and consequently  is a linear connection in  with domain                             
□ 
 

Example 1.05 With any chart  of  having domain  we can associate a linear connection in  with domain  If 
 are vector fields in  and if  on  we define  

 

                                                                          
Such functions  are easily seen to satisfy the conditions of the propositions 1.04. 
 

Example 1.06 A linear connection can be defined on any parallelizable manifold M in a similar way by choosing a 
global parallelization  Then any vector field  in  can be expressed as  and we define  
 

                                                                          
 

 We now show that a linear connection exist on any paracompact manifold. The linear connections at a point  of any 
manifold form a convex set. For, if  are linear connections at  and if  are real numbers such that 

 and  it is easy to verify that we have a linear connection  at  whose action is defined by  
 

                                                                         
This connection is denoted by  .        

Proposition 1.07 Any paracompact manifold  admits a linear connection. 
 

Proof.  Let   be a partition of unity on  and for each  choose a chart  whose domain  contains 
the support  of   Let  denote the connection associated with  Choose any point  If  
are the supports which contain  then 
                                                                            
is a connection at . 
 

To prove that  is a linear connection on  we choose any pair of vectors fields  in  and show that 
 is a vector field on the intersection  of their domains. The vector field  on  agrees the zero vector 

field on  on the intersection of their domains and together they define a vector fields  on  Any 
given point  has a neighbourhood on which all except a finite number of these fields are zero and so  is a 
vector field  on  Since 
 
 

                                                
                                                                  where  
                                                                      
                                                                         
It follows that  is a vector field                                                                                                                    □ 
 

2. The curvature and torsion of a linear connection 
 

If  is a canonical linear connection on  and if  are vector fields in  then 
 

                                                                   
But this is not true in general. Suppose that  is a given linear connection on a manifold . Given vector fields  in 

 we then have a vector field 
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on the intersection of their domains. The function 
 

                                                                  
 

It is easily seen to be  bilinear. It is called the torsion form [9] for the connection. 
 

We recall that the function  defined by  is a -bilinear and that the domain of  is 
the intersection of the domains of  and . This enables us to show that the vector fields  agree at a point 

 if  and  agree on some neighbourhood of  Similar remarks would apply to the function   
On the other hand, the function  satisfies stronger conditions. We use the fact that  is  bilinear and that the 
domain of  is the intersection of the domains of  and  
 

Proposition 2.01 The vector fields  and  agree at a point  if  and  agree at  
 

Proof. Choose a chart  of  whose domain  includes  and suppose that  and . 
The argument used to show that 
                                                                . 
Since  is  bilinear it follows that 
                                                                 
from which the required result can be established.                                                                           □ 
 

3. The curvature form for the connection   
 

Suppose that  is a linear connection [10] on . The coefficients of  associated with a given chart  of  are the 
differentiable functions defined on the domain of  by the equations 
                                                                  . 

Since                 

                                                                  
 

It follows that  has a torsion zero iff, for each chart  of  its coefficients are symmetric in their subscripts. Such a 
connection is said to be symmetric. 
If   is the canonical linear connection on  and if  are vector fields in  then 
 

                                                                   
But again this is not true in general. Suppose that  is a given linear connection on a manifold  Given vector fields 

 in  we then have a vector field 
 

                                                               
on the intersection of their domains. The function  
 

                                                              
 

Defined by  can be shown to be  trilinear. 
 

Example 3.01 The curvature of a symmetric linear connection on  satisfies Bianchi’s identity 
 

                                                          
for all vector fields  in  for which the left hand side is defined. To prove this, we recall that for a symmetric 
connection 
 

                                                                 
Consequently 
                                
                                            
                                            
                                            
Example 3.02 The linear connection  defined by a parallelization  on a manifold  has zero 
curvature. For it follows from the definition that if  is any vector field in  then  Consequently 

 for all  Since the curvature form is  trilinear, it is necessarily zero. The torsion 
form is zero iff  for all .    
  

4. The horizontal distribution  
Since  is a submersion [5], any vector space  (with its standard differentiable structure) is a regular 
submanifold of . A tangent vector of  at a point  is said to be  vertical if it is tangent to the submanifold 

. If we let  then it shows that is vertical iff  
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Given a linear connection  on , we shall define an -dimensional subspace  of  for each point . 
We call these subspaces horizontal because they do not include any non-zero vertical vectors. They also have the 
properties 
 

                                               
                                                for all  
 

Where  is the differentiable of the function . Choose a point  and suppose that we 
have a vector field  such that  and  for all . The derived function  takes a tangent 
vector at  to the tangent vector at . The set  
                                                                                
Of all such vectors will be shown to be -dimensional subspace of  which is independent of our choice of . 
 

5. Riemannian connections  
 

A scalar product on a real vector space  is a global function , denoted by  
 

                                                                        
which is symmetric and -bilinear. It is non-degenerate if when a is an element of  such that  for all , 
then . 
This condition can be restated in terms of any chosen basis  for . If  is an element of  such that  
 

                                                                   for all  
then . The scalar product is therefore non-degenerate iff the matrix  is non-singular. 
A scalar product on  is positive-definite if  for all non-zero elements of . A positive-definite scalar product is 
necessarily non- degenerate, for if a given element  is such that  for all , then  and so 

 
A negative-definite scalar product is defined in a similar way. A non-degenerate scalar product which is neither 
positive-nor negative-definite is called indefinite [4].    
 

Example 5.01 A positive-definite Riemannian structure is determined on the domain of any given chart  of a 
manifold  by putting  where  In particular, when  is the identity chart on  this 
defines the standard Riemannian structure on .   
We may construct indefinite Riemannian structures in a similar way. For example, such structure is determined on  
by 
 

                                                                 ;          . 
 

Example 5.02 Let  denote the subset of points  for .  can be given the structure of an open 
submanifold  of  and it is then called the Poincare half-plane. The natural injection  is a chart of this 
manifold and we use this to define a positive-definite Riemannian structure on  by  
 

                                                                             . 
 

With this structure,  is known as the hyperbolic plane. 
 

Proposition 5.03 Any paracompact manifold  admits a positive-definite Riemannian structure. 
 

Proof. Let  be a partition of unity on  and for each  choose a chart  whose domain  contains 
the support  if . Let  denote the positive-definite Riemannian structure on  associated with the chart . 
Choose a point . If  are the supports which contain  then 
 

                                                                              
is a positive-definite scalar product on . 
 

To prove that  is a Riemannian structure on  we choose any pair of vector fields  in  and show that 
 is a differentiable function on the intersection of their domains. Since this may be done by adapting the argument 

used to prove Proposition 2.01 we shall omit the details.                                                                                                 
□ 
 

Proposition 5.04 If a manifold  has a given positive-definite Riemannian structure then any global immersion 
 induces a positive-definite Riemannian structure on . 

 

Proof. If  is any chosen point of , the derived linear function  on  is an injection. Using the scalar product 
on  we have a positive-definite scalar product  on  defined by 
 

                                                                         . 
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To show that this determines a Riemannian structure on  we show that if  is any chart of  with domain  then the 
real-valued functions on  are differentiable. Choose any point  and a chart  
of  at . Then on some neighborhoods of  
                                                               
and so  is differentiable at .                                                                                                                   □ 
 

Proposition 5.05  is a submersion of a manifold  onto a manifold  of the same dimension. A Riemannian 
structure on  which is projectable under  induces a Riemannian structure on . 
 

Proof. Given any point  we choose a point . Since  is an isomorphism of  onto , we 
are able to construct a non-degenerate scalar product on  by defining 
 

                                                                                
where  are the vectors of  such that  and  . Because the structure on  is projectable this 
does not depend on our choice of  is locally a diffeomorphism. In order to show that the differentiability condition 
is satisfied, we choose an atlas for  consisting charts 
                                                                                   
where  is any chart of  whose domain  is such that  is a difeomorphism. We have to show that the functions 
                                                                           

are differentiable. This follows because  where   .                                                         
□  
   
Proposition 5.06  is a transformation group acting freely and discontinuously on a manifold  and  is the natural 
surjection of  onto . A Riemannian structure on  is projectable under  iff it is invariant under . 
 

Proof. Suppose that the given Riemannian structure on  is invariant under . Let  denote tangent vectors of  
at points  such that  and . We can choose  such that 

 and, because , it follows that the vectors  and  have the same image under . Since  
is an isomorphism on  it follows that . Similarly . Consequently  
                                                                            
and so the structure on  is projectable. 
Conversely, suppose that the Riemannian structure is projectable. Choose any point  and any vectors 

. If  is any given element of ,  and  are vectors at  which have the same images under  
as  and  respectively. Consequently 
                                                                            
and so the structure is invariant under .                                                                                                                              
□ 
 

Theorem 5.07  is a given open subset of a manifold  which is given a Riemannian structure and  is a  is a 
linear function which associates with any vector field  whose domain  meets  a differentiable function  
with domain . There exists a unique vector field  on  such that  for each . 
 

Proof. Given any point  we shall show that there exists a unique vector  at  such that 
 

                                                                                                                                                                  
(1) 
where  is any vector whose domain  includes . Choose a chart  with domain  such that . Condition 
(1) implies in particular, that 
                                                                       

where . Since these equations have a unique solution  

                                                                      
We have only to show that this satisfies equation (1). Because  is  linear (and hence -linear) it follows that on 

 

                                                                     
 

and so equation (1) is easily seen to be satisfied. 
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The function  defined on  by  is clearly the only function satisfying the condition  for each 
.  is differentiable at any point  since it agrees on  with the vector field .                                     

□ 
 

 Proposition 5.08 There exists a unique linear connection  on a manifold  with a given Riemannian structure such 
that 
 

                                                       
                                                      
where  are any vector fields in  such that the domains  of the above functions are not empty. 
 

Proof. Because the Riemannian structure is non-singular [5], the first condition can be replaced by 
 

                                                      
A calculation then shows that conditions  are together equivalent to the condition 
 

                                                
and this shows that if a connection does exits it will be unique. We now show how it can be constructed. Given vectors 
fields  the expression on the right hand side of the equation  can be shown to be  linear in . Consequently 
Proposition 5.07 shows that it is equal to . Where  is a uniquely determined vector field on the intersection of the 
domains of  and . We defines 
                                                                                     
It is then easy to verify that the set of all such functions  satisfies the conditions of proposition 1.03 and so 
determines a linear connection on .                                                                                                                                                     
□ 
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