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ABSTRACT 
In this paper, performance of the DSSS receiver containing the Volterra filter in the presence of the Broadband BPSK 
interference is addressed. QR-Recursive least square (QR-RLS) & Fast Recursive least square (FRLS) is used in the filter 
adaptation process of DSSS receiver. Obtained results show that the QR-RLS Volterra filter and FRLS Volterra filter based 
receiver obtains excellent Broadband interference suppression as compared to the QR-RLS Volterra filter based DSSS receiver. 
Keywords: Non-linear filters, Adaptive filtering, Volterra series, Fast Recursive Least Square 
 

1. INTRODUCTION 
Direct sequence spread spectrum (DSSS) systems can operate in the presence of the strong co-channel interference if 
the processing gain is high enough. However, if this is not the case, or if the interference at the DSSS receiver is very 
strong, some additional means of the interference suppression has to be implemented [1]. Like in systems, where the 
interference signal bandwidth is greater or comparable to the system’s bandwidth, as in the case of Broadband 
interference, there the conventional filters fail to provide the clean original signal at the system’s output. The 
inadequacy may be either because of the linearity or even otherwise. In a given situation a linear filter will be optimal 
only if the signal desired at the output of the filter can be realized by a linear operation on the input signal. It is well 
known that using the minimum mean square error criterion the optimal filter for estimating a signal d(n) from an input 
signal x(n) is given by: 
E [d(n)|x(n), x(n- 1), ... , x(n- N + 1)] where, N is the number of input data points available for the estimation process. 
If x(n) and d(n) are jointly Gaussian, this is a linear function in terms of x(n), x(n -1), ... , x(n - N + 1). But, otherwise 
in general it is a nonlinear function of the input signal x(n). This implies that when x(n) and d(n) are not jointly 
Gaussian, for optimal processing, one should look for a suitable nonlinear filter. In terms of characterisation in the 
frequency domain and when the concerned signals can be assumed to be stationary, this condition can be alternately 
stated as: A nonlinear filter is required when significant spectral components of the input and output signals do not 
overlap [4]. Secondly,  conventional filtering methods does not provide us the desired clean original signal in DSSS 
system output in presence of Strong BPSK broadband interference if either of the following two conditions exists: The 
statistical characterisation of the input and desired signals is incomplete or the signal statistics is varying with time. So, 
here adaptive filtering plays an important role. So, in our problem we plan to use non-linear adaptive filter [5]. On the 
other hand, it has been shown in that the non-linear Volterra filter shows good results in CDMA interference 
suppression and it has been shown in that RLS Volterra filter was successful in Broadband interference suppression up 
to some extent in DSSS system. Motivated by such conclusions, this paper presents an analysis of today real 
interference into CDMA from existing broadband BPSK system, where the FRLS and QR-RLS Volterra filter is very 
efficient in suppressing the co-channel broadband BPSK interference. Results, expressed as bit error rate (BER), show 
that the FRLS Volterra filter outperforms the QR-RLS and RLS Volterra filter in Broadband interference suppression. 

2. VOLTERRA SERIES REPRESENTATION 
 
A filter is said to be Volterra if the input and output relation of the filter is given by Volterra series expansion. The 
Volterra series expansion of a nonlinear system consists of non recursive series in which the output signal is related to 
the input signal as:  
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Where, w0i(l1,l2,....li) for i=0,1.....∞ are the coefficients of nonlinear filter model based on Volterra series and Y(k) 
represents in the context of system identification application, the unknown system output when no measurement noise 
exists [6]. The underlying assumption is that the kernels w0 are symmetric, which means that w0(l1, . . . , ln) must have 
the same value regardless of the permutation of l1, . . . , ln. If a system has an unsymmetric kernel, Wiener showed that 
it may be symmetrized by permuting the subscripts on the ti in all possible ways and then taking w0 to be 1/n! times the 
sum of all such wn. This work assumes the kernels are symmetric [12]. A Volterra filter as can be seen from equation 
(1) is a particular type of mathematical construct that models many general non-linearities with memory. It provides an 
input-output relationship, where input and output are either continuous functions or time series in discrete case. A 
Volterra filter is a polynomial filter which generates output as the weighted sum of product of inputs.  

3. WORKING OF ADAPTIVE VOLTERRA FILTER 
The principle working of Volterra filter is based on basic adaptive filtering. As explained in detail. 

 
Fig.1 Adaptive filtering block diagram 

As the number of iterations increase the error is decreased as the output y(n) approximates the noise estimate in d(n). 
Aim of the filter is to produce y(n) very close to d(n) or minimize e(n) such that the interference is suppressed as it 
reaches to the receiver [9]. According to the above idea the following performance measure used in Volterra filter is 
defined by Mean Square Error (MSE). The MSE is a measure of how the algorithm converges to the true value in a 
mean square sense &this measurement helps us to see if our system model is indeed minimizing the error and it is 
sometimes called the learning curve of the algorithm. There can be various order Volterra filter. But as the order of the 
filter increases, the complexity also increases. The complexity of a Volterra compensator has been investigated by 
Tsimbinos.  
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Where, N is memory length and O is highest order. Thus in most of the research so far the second and the third order 
Volterra filters has been used so that the computational complexity can be reduced. As for the sake of simplicity we are 
using second order Volterra filter for Broadband Interference suppression [2]. 

4. DSSS RECEIVER MODEL USING VOLTERRA FILTER    

 
Fig.2 Block Diagram of DSSS system along with Broadband interference introduced in the channel 
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Figure 2 represents a DSSS communication system where a second order Volterra filter is   inserted in between the 
channel and demodulator. So that the interference and noise that is added in the original signal can be suppressed on 
passing through the Volterra filter and then the clean signal can be dispread using a p-n(pseudo-noise) sequence at the 
receiver circuit. At the output of the channel decoder, we get a clean signal that is our desired signal [3]. 
Volterra series expansion of second order is described by the truncated version of equation (1): 

 
 

Now, the input signal X(n) is interpreted in the following way : 

 
The filter coefficients are interpreted in the following way: 

 
So, the output, Y(n) is as follows: 

 

5. SIGNAL MODEL     
Below discussed is the model of input signal, interference signal and noise signal. Our aim is to suppress the 
interference signal and noise signal at the receiver’s output [7,8]. 
Let us consider a basic received waveform at the receiver: 
r(t)= u(t) + i(t) + n(t) 
Received signal consist of useful data signal {u(t)}, Broadband interference signal {i(t)} and AWGN noise {n(t)}. 
(a) Modeling of Useful Data signal {u(t)}: 

u(t) = U.PNS(t)d(t) cos(w0t) 
where, U and w0 mark the DSSS carrier and angular frequency, respectively, and PNS(t) is the pseudo noise sequence 
of chip duration T. Desired signal input power is Pu, and its effective bandwidth is Bu. Message signal is given by d(t) 
є {+l,-1} with equal probability. 
(b) Modeling of BPSK Broadband Interference {i(t)}: 

i(t) = Usds(t + τ) cos[(w0 + 2πfΩ)t + θ] 
Where, Us and fΩ stand for the interference amplitude and carrier frequency offset to the BPSK carrier. Random data 
bit delay τ and initial carrier phase θ are uniformly distributed over the [0,T) and [0,2π) interval, respectively. 
Interference data bit is given by ds(t)є{+1,-1} having equal probability. Its power at the receiver input is Ps and its 
effective bandwidth is Bs. 
(c) Modeling of AWGN noise {n(t)}: 

Third component of the received signal is the additive white Gaussian noise (AWGN) with one sided power spectral 
density. White noise is a sound or signal consisting of all audible frequencies with equal intensity. At each frequency, 
the phase of the noise spectrum is totally uncertain. It can be any value between 0 and 2π, and its value at any 
frequency is unrelated to the phase at any other frequency. When noise signals arising from two different sources add, 
the resultant noise signal has a power equal to the sum of the component powers. Because of the broad-band spectrum, 
white noise has strong masking capabilities. 
The technical specifications of the various system components are discussed in later sections of this paper along with 
the Simulation results. 

6. DESCRIPTION OF ALGORITHMS USED IN THE ADAPTATION OF VOLTERRA 
FILTERS  

The minimization of the objective function implies that the adaptive filter output signal is matching the desired signal. 
Now, this minimization of the performance function that is the mean square value of the error signal produced at the 
filter output (as seen in fig. 1) is achieved when the adaptive algorithm successfully updates the filter coefficients in 
such a way so that the filter output adapts the filter input signal. 
Previously, LMS (least Mean Square) and RLS (Recursive Least Square) algorithms were used extensively for Volterra 
kernels calculations but there were certain drawbacks [9]. 
In LMS, the kernels were calculated using the normal equation given by: 
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              W=R-1P 
 
Where, W is the modified Volterra kernel, R is the autocorrelation matrix of input signal and P is the cross correlation 
vector between the desired user data bit and the received sequence. So, due to the calculation of the inverse 
autocorrelation matrix the computational complexity is increased. The convergence factor is also low therefore we 
avoid using the LMS algorithm. 
To overcome the disadvantages of LMS algorithm RLS algorithm is used in which matrix inverse lemma is used and 
therefore the need for the afreash calculation of autocorrelation matrix inverse at each point is eliminated. 
The new Volterra filter adaptive algorithms introduced in this paper for Broadband Interference suppression are 
discussed in detail. 

I. QR-RLS ALGORITHM 
The QR decomposition is a superb tool offering increased robustness, reduced complexity [11].  
This is a transformation to find Q matrix (as given in the below algorithm). It is most useful because: 

 Don’t have to build a new matrix but just manipulating original matrix solves the problem so the complexity 
involved is very less. 

 Much more easily parallelized 

The algorithm works in the following manner as we already know that our objective is to minimize the cost function: 

 
Where, ξ (n) is a scalar denoting the cost function, e(i) is the error at time i for 1<i<n but e(i) is computed at time n 
using the weight vector of the filter at time n, λ is the forgetting factor which is used for exponential windowing,  (n) 
is a diagonal matrix and (n) can be expressed as: 

 
where, d(n) is the desired sequence, X(n) is the data vector and W(n) is the weight vector of the filter at time n. Both 
X(n) and W(n) are N  vectors where N is the order of the filter. 
The norm of a vector is invariant under the operation of multiplication by a unitary matrix. Let Q(n) be an n  
unitary matrix. 

 
Now define a data matrix A(n) and a vector of the desired signal sequence b(n) such that : 

 
b(n)  =  [ d(1), d(2),.........,d(n)]T                                                         
 
 
Using A(n) and b(n) we can express the vector (n) as: 

(n) = b(n) - A(n)W(n)     
 
Using this value of (n) we can write: 
 
Q(n) 1/2(n) (n) = Q(n) 1/2(n)b(n)              
                         + Q(n) 1/2(n)A(n)W(n) 
 
 
Now assume that Q(n) is such that it satisfies the following equation : 
 
      
Q(n)  1/2(n) A(n) =                           

 
This above equation holds for n> N. 
 
Where, T(n) is an N  upper triangular matrix and 0 denotes an (n-N)  null matrix.  

(9) 

(10) 

(11) 

(12) 
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Partition the matrix Q(n) into two matrices Q1(n) and Q2(n) such that Q1(n) is N  and Q2(n) is  (n – N)  ie: 
 
  

Q(n) =                                      

                              
Substituting this in equation (11) and using equation (12), we get: 
 

Q(n) 1/2(n) (n) =    1/2(n)b(n) 

                                  
                                    +  
               

                                 1/2(n)A(n)W(n) 

 
 

Q(n) 1/2(n) (n)  =   +  W(n)          

 
From the above equation it is obvious that the norm of Q(n) 1/2(n) (n) will be minimised when the following 
condition is  satisfied. 
 
 T(n) W(n) = bq(n). 
 
This equation can be easily solved by back substitution since the matrix T(n) is upper triangular. When this condition is 
satisfied the cost function will take on the minimum possible value. 

II.   FRLS algorithm 
The logical step is to exploit the redundancy in the sequence of data vectors x(n), x(n+1),....... We know that some 
components are common to both x(n) and x(n+1). If we can use this information we can derive Fast RLS for Volterra 
filters [10]. Let x(n) be a sequence of N 1 vectors such that its components are shifted in some manner as n increases. 
Assume, q new elements, denoted by the q  vector ξ(n), enter X(n+1) and q new elements denoted by ρ(n) leave 
X(n+1) implying that they were in X(n) but are discarded by X(n+1). Introduce an (N + q) 1 vector X’(n), and (N+q) 

 (N+q) permutation matrices F and B such that : 
 

FX’(n) =  

 
 

BX’(n) =   

                            
In case of Volterra filters we can directly define appropriate permutation matrices F and B. Then we can directly 
apply the method given by Ljung et al, to find the gain vector k(n) in O(qN) computations where q is an integer 
representing the number of elements common to X(n) and X(n+1) for the Volterra filter under consideration. Here we 
will not present their derivation but will directly use their result for our purpose. 
We have embedded their method of calculating k(n), in the RLS algorithm. It results in the following fast algorithm for 
Volterra filters. 
 Initialisation 
 K(1)=0 
 A(0)=0 
 σ(0)=δ I 
 D(0)=0 
 W(0)=0 
Statement of the algorithm 
 Do for n=1,2,3,4..... 
α (n) = d(n)-W(n-1)TX(n)                                                                    
W(n) = W(n-1)+ k(n) α (n)                                                                   
 ε (n) =  ξ(n) + AT(n-1)X(n)                                                                  

(13) 

(14) 

(15) 
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A(n) = A(n-1) – k(n) εT(n)                                                                    
 (n) = ξ (n) + AT(n)X(n)                                                                      

σ (n) = σ (n-1) +  (n) εT (n)                                                                 
Partition Bk’(n) as: 

Bk’(n)   

 
Where, m(n) is an N 1 vector and µ (n) is an q  vector. Now compute 
  = ρ (n) + DT(n-1)X(n+1)                                                                
                                      
D(n) =[ D(n-1) – m(n) T][I –µ (n) T]-                                  
Then, 
K(n+1)=m(n)–D(n)µ(n) 
 

7.    RESULTS 
Modeling of Broadband Interference  
Broadband Interference is modeled as a broadband BPSK signal 
i(t) = Usds (t + τ) cos[(w0 + 2πfΩ)t + θ]                                                 
with carrier frequency = 0.01 radian and carrier phase is uniform distributed between 0 to 2π. 

 
Fig. 3 Simulated Broadband Interference 

Performance analysis of the DS-SS system using QR-RLS Volterra filter 

 
Fig. 4 BER Performance analysis with QR-RLS Volterra filter 

 
As is visible from the above curve that after the application of QR-RLS Volterra filter at the DSSS receiver circuit, the 
BER decreases upto a large extent. This simulation result is obtained for 1000 input bits with spreading code length of 
7 and averaged over 100 times and the forgetting factor is taken to be 0.98 
 
The Volterra Filter coefficients are updated with the help of QR-RLS algorithm and so the output of the filter 
approximates the interference and noise further cancelling the noise and Broadband Interference from the error signal 
(fig. 1). 
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Performance analysis of the DS-SS system using FRLS Volterra filter 

 
Fig.5 BER Performance analysis with Fast-RLS Volterra filter 

This simulation result is obtained for 1000 input bits with spreading code length of 7 and averaged over 100 times and 
the value of λ is taken to be 0.98 and the value of ε is 0.5. It is an effective algorithm in suppressing the Broadband 
Interference from a DSSS system as is visible from the above curve as the Bit Error Rate has decreased to a large 
extent. 

Comparative Study of BER performance 

 
Fig. 6 BER Performance of Volterra filter with various algorithms 

This simulation result is obtained for 1000 input bits with spreading code length of 7 and the value of λ is taken to be 
0.98 for RLS, QR-RLS and Fast RLS algorithm. Further the value for ε is taken to be 0.5 in case of Fast RLS 
algorithm. 
The curve shows that the Fast RLS Volterra filter is the most efficient filter in suppressing the Broadband Interference 
from the DSSS system. 
As it can be well observed from the above BER Matlab simulations that the most efficient Broadband Interference 
Suppressing filter is Fast RLS Volterra Filter, the second most efficient Broadband Interference Suppressing filter is 
QR-RLS Volterra filter, the third most efficient filter is RLS Volterra.  

8. CONCLUSION 
In this paper, comparative evaluation of the tracking behaviors of QR-RLS & Fast RLS algorithm is presented. We 
compare all the alternatives in terms of their computational cost requirement. A cost and time function is derived to 
make these comparisons. Then we compare all the choices from the point of view of rate of convergence provided their 
misadjustment are not significantly different. Due to high convergence of Fast RLS algorithm, it is much more 
convenient to use Fast RLS algorithm in Volterra filter. Matlab simulation result shows that Fast RLS Volterra filter 
outperforms than as compared to Volterra filters using other algorithms. Results expressed in BER, show that Volterra 
filter is successful in the Broadband Interference suppression process. It enables the DSSS signal reception even in the 
presence of the strong Broadband co-channel Interference.  
Suggestions for Further Work 
The work reported in this paper has thrown up a number of issues which need to be settled like we have seen that the 
different members of the adaptive algorithm family have different convergence rates and these members can be 
hierarchically arranged so that there is a monotonic gradation in terms of convergence rates. A heuristic explanation 
for this behaviour has been given but again a concrete theoretical proof for the same is required. We can utilise the 
advantages of Volterra filters in other types of Broadband Interference removal by making use of other newly 
discovered adaptive algorithms. 
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